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INTRODUCTION 
In this paper, we look for necessary and sufficient conditions for meta- 
cyclic groups and a class of metabelian groups to have faithful irreducible 
projective representations over the complex field. We let K denote the com- 
plex field unless otherwise stated. The characterization of abelian groups that 
have faithful irreducible projective representations over K was first studied 
by Frucht [4]. He showed that an abelian group H has a faithful irreducible 
projective representation over K if and only if H is of symmetric type, that 
is, H can be written as a direct product of two isomorphic subgroups. In 
[14], Yamazaki showed that the above result holds when K is replaced by a 
field that contains a primitive (exp H)th root of unity. Moreover, he showed 
that H is of symmetric type if and only if H has a central simple twisted 
group algebra over K. The characterization of abelian groups, which have 
faithful irreducible projective representations over algebraic number fields 
andp-adic number fields can be found in Barannik [l]. We refer the readers to 
Curtis and Reiner [3] for relevant definitions on projective representations of 
finite groups. 
Some known theorems and notations are reviewed in Section 1. In Section 2, 
we give some general results on projective representations of finite groups. 
These include a necessary and sufficient condition, in terms of the Schur 
multiplicator and the center, for a nilpotent group G to have a class of 
faithful irreducible projective representations. In Section 3, we compute the 
Schur multiplicator of a general metacyclic group, using a natural corre- 
spondence between the Schur multiplicator and the equivalence classes of 
twisted group algebras. In Sections 4, 5, and 6, we obtain some necessary 
and sufficient conditions for a metacyclic group to have a faithful irreducible 
projective representation. In particular, we generalize the results of Frucht 
and Yamazaki, quoted in the preceding paragraph, to the case of metacyclic 
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P-groups forp 3 3 and for a large family of metacyclic 2-groups. In Section 7, 
we characterize a class of metabelian groups that have faithful irreducible 
projective representations. 
After a preliminary version of the present paper was written, a calculation 
of the multiplicator of a general metacvclic group, using spectral sequences: 
was given in Be)-1 [2]. (The multiplicator of a genera1 finite metacvclic group 
was calculated by Austin [16].) 
1. PRELIMIXARIES 
Let G be a finite group. d tzcisted group algebra of G over K is an asso- 
ciative algebra B urith basis {u,: x E G}, such that 
w%J = f(X, Y) %,-y 7 x, y  E G and f(m, y) E K*. 
The associativitl? of B implies that f  is a factoF set on G. We set B = (KG), to 
specify the factor set f. The schur multiplicator is H”(G, K*). I f  c is the 
2-cohomology class that contains f, then we say that (KG), belongs to c. 
Let f and 12 be factor sets and (KG), and (KG), be twisted group algebras 
of G with bases {u,: x 5 G) and {zL’,: x E G}, respectively. Then (KG)., and 
(KG)IL are equkalent if there exists a K-aigebra isomorphism $: (KG); + 
(KG!, : such that 
$(I.&;) = h(x) w, , XE G and h(sjE K$‘. (1.1) 
It is clear that the factor sets of equivalent twisted group algebras belong to the 
same 2-cohomologp class and we then have 
(1.2) PROPOSITION. There is a natural 1-l cowespondeme betrceen 
H”(G, K”) and the equivalence classes of twisted K-algebras of G, which is such 
that the 2-cohomology class c corresponds to the equivalence class (of twisted 
group algebras) that contains a tzcisted group akebra belonging to c. IlForemxr, 
H”(G, K*j induces a group structure on the equizaleme classes of existed group 
algebras. 
Following Pamazaki [14], we define the bilinear pairing determined by 
c E H”(G, K*j. Let HI and Hz be subgroups of G such that [HI , HJ = 1. 
Let f  be a factor set belonging to c. The map F, from HI x Hz into K*, 
defined by 
P)(% Y) =f (x’, Y)f (Y, x)-l, XEHl and YEH~, 
is independent of the choice off in c. It satisfies 
dx, YIYJ = ~4% y3 9)(x, yd, P(“1”@ , Y? = ?J(-t; 9 yj d.q , Y), (1.3) 
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where x, x1 and ~a belong to HI , and y, yi and y2 belong to H, . We call q~ 
the bilinear pairing determined by c. We omit the proof of the above assertion, 
which can be found in Yamazaki [14]. 
Let x E G. Define vz: C,(x) + K* by 
%(Y) = d? Y), for ally E C,(z). 
Then vz. is a group homorphism. When qcz is trivial, we say that x is a c-normal 
element. The element U, , corresponding to the c-normal element x of G, in 
the twisted group algebra (KG), = xXEG Ku, satisfies 
y& = U.&J for ally E C,(z). (l-4) 
It easily follows from (1.4) that c-normalitp depends only on the conjugacy 
class of z. 
The next result was proved in Yamazaki [14] and Zmud [15], using 
Schur’s lemma. 
(1.5) PROPOSITION. If theJinite group G has a faitlzfzcl irreducible prqiective 
representation belonging to c E H*(G, K*), th en the center of G contains no 
nontrivial c-normal elements. 
We conclude this section with the following theorem. 
(1.6) THEOREM (Xg [!Tj). Let G 6 e a metacyclic group rzith a cyclic normal 
subgroup A such that G/A is also cyclic. If T is a faithful irreducible projective 
representation of G over an algebraically closed Jield, then deg T = (G: A). 
2. SOME GENERAL RESULTS 
We first obtain a simple characterization of the kernel of a projective 
representation in terms of c-normal elements. 
(2.1) LEMMA. Let G be a finite group and K a -field. Let T be a projective 
representation of G belonging to c E H’(G, K*). Then each element t in the kernel 
of T is c-nor&. 
Proof. Let y  E Co(t). Since t is in the kernel of T, T(t) is a scalar matrix 
and we have T(y) T(t) = T(t) T(y). However, T(yt) = v(t, y) T(ty), where 
v  is the bilinear pairing determined by c. This implies that v(t, y) = 1 
because ty = yt. Therefore, t is c-normal. 
The following sufficient condition for the existence of a faithful irreducible 
projective representation of a finite group was proved in Yamazaki [14]. The 
shorter proof that follows was suggested by Professor J. A. Green. 
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(2.2) PROPOSITION. I f  the Jinite group G has a central simple twisted 
group algebra occer an arbitrary field K, then G kas a faithful irreducible pro- 
jective representation owr K. 
Proof. Let p be the regular matrix representation of the simple aigebra B. 
Then p is irreducible and faithful. I f  B = xi&o Ku, , we get an irreducible 
projective representation T of G by putting T(x) = p(u-) for all x E G. Then 
T is faithful, for if x E ker T, then p(+) = AI for some X E K”. This implies 
that p(z~- - Au,) = 0 and hence, u, = AU, . Therefore, x = 1. 
Our result for nilpotent groups is as follows. 
(2.3) PROPOSITIOX. Let G be a nilpotent group and c in H”(G, K”). I f  the 
centrer 01~ G contains no nontrivial c-normal elements; tJren each project&e 
representation of G belonging to c is faitlzful. 
Proof. Let T be a projective representation belonging to c. Then each 
element in ker T is c-normal by Lemma (2.1). Since G is nilpotent and ker T 
is a normal subgroup of G! we have ker T n Z(G) + (1) if ker T f  {l}, by a 
wellknown property of nilpotent groups (see, for example, Huppert [s]). 
Therefore, ker T = (1) by the assumption that Z(G) contains no nontriviai 
c-normal elements. This completes the proof. 
(2.4) COROLLIRY. Let G be a nilpotent grorcp and K tlae complex$eld. Let c 
be in i’F(G, K*). -4. n irreducible pyojectize representation of G belonging to c 
isJaithfu1 if and only if the center of G contains no nontrk+al c-normal elements. 
hoof. Suppose that Z(G) contains no nontrivial c-normal elements. Let T 
be an irreducible projective representation of G belonging to c. Then T is 
faithful by Proposition (2.3). Conversely, if T is faithful: then Z(G) contains 
no nontrivial c-normal elements by Proposition (1.5). 
3. THE MULTIPLICXT~R OF A M~MXX.K GRorjp 
In this section, vve assume that G is a metacyclic group, that is, G has a 
cyclid normal subgroup whose factor group is also cyzlic. Hence? G can be 
generated by two elements a and 6 with relations 
am = 1 @ = at, and ha = a’b, (3.1) 
where the positive integers myz? r, s, and t satisfy ys = I (mod 7n) and 
m 1 t(y - 1). For a suitable choice of a, we also may assume that t I m. We 
will find the multiplicator of G over K, H”(G, K*). The multiplicator of a 
metacyclic group which is the semidirect product of two cyclic subgroups was 
computed by Wall [13] using spectral sequences. Recently, Tahara [12] found 
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the same result as a corollary to his computation of multiplicators of semi- 
direct products. We will use the l-l correspondence (given in (1.2)), between 
the Schur multiplicator and the equivalence classes of twisted group algebras 
of a group, to compute the multiplicator of a general metac:clic group. Our 
result reduces to that of Wall when the group is a semidirect product. (Refer 
to Introduction.) 
(3.2) PROPOSITION. Let B be a twisted grozzp algebra of G oz’er K. Tlzen 
there exists a basis {u,: x E G} of B, szzch that 
u nz - 1 and i a , 52 s = Zlat, ua+g = Zla UbA. (3.3) 
AlSO, 
U$& = &l& , (3.4) 
where f  zs a (1 $ I’ -+ ..- + rs--l, t)th root of unity. 
Proof. Let {wlc. U . T E G} be a basis of B. Since vve can take roots in the 
complex field K, we may assume, without loss of generality, that wL’,” = 1 and 
wbs = Zbt. We now put 
uafbj = zcakbj, for1 <i<nz and 1 <j<s. 
Then, {u,: x E G} is a basis of B satisfying (3.3). By ba = arb, we get 
ubu, = &ZC,rua for some 5 in K*, or u,u,u;’ = &.I~‘. It follows that I.++,%~~ = 
&i,‘. Repeated conjugated by a+, gives 
%% 
i = ~(l+T+-..+r;-l)U~j*~, (3.5) 
for any integers i, j. With i = t, j = I and i = 1, j = s, respectively, (3.3) 
and (3.5) imply that 
p = 1 and f(l+r+...+rs-l) - 1 - . 
Therefore, we get (3.4). 
A basis {zc,: x E q of a twisted group algebra of G that satisfies (3.3) and 
(3.4) is said to be normalized. For the remainder of this paper, we assume that 
the bases of twisted group algebras, of metacyclic groups, are normalized. 
?Ve have our first application of normalized bases in 
(3.6) THEOREM. The multiplicator H2(G, K*) of G oE!er K is isonzorphic 
to 2, , where 
and 
,/3 = (1 + Y + ... + l-1, t). 
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Xote that we assume that t 1 m in (3.1), so that the relations 
a” zzz 1 > 6” = 1 and ba = arb 
correspond to the case t = m, /3 = (1 + 1’ + .s. + ~-r, m); 
PTOO,f. Let C(K) denote the group of kth root of unity in K”. Let 
7 = mi(r - 1, m). Since m : t(r - 1) in (3.1), we get, by an elementary 
calculation, that y  / ,8. Hence, C(y) C C(F). We will give an isomorphism of 
H’(G, K*) onto the factor group C(#C(y) N 2, . 
Let c beiong to Hs(G, K*). Let B be a twisted group algebra belonging to c 
with normalized basis {u,: x E G}. Clearly, the ,3th root of unity (3.4) depends 
on the choice of the basis (u+}. Let (eo,] be a normalized basis of any twisted 
group algebra B’ belonging to this c. Since B and B’ are equivalent, there is a 
K-algebra isomorphism 4: B -+ B’, such that (1.1) holds. Thus, we haye 
$+4T) = rlzc’a and +(ub) = &cl, (3.7) 
for some roots of unity 77 and < in K”. By (3.3) we get 
qj” = 1 and 6” = qt. (3.8) 
Also, (3.4) and (3.7) imply that 
ZqJL’, = &~--lzc~,%b , (3.9) 
Since 17”’ = 1, we get $-I E C(y). Therefore, the map Yz F(G, K”) + 
C@)/C(l/) given by Y(c) = SC(y), is well defined. 
It is easy to show that Y is a homomorphism. We next prove that Y is one- 
to-one. Let c E ker Y, let B be a twisted group belonging to c. Then; any 
normalized basis (us} of B must have its .$ in C(y). But C’(y) = C(~Z)‘-~, 
so there exists 7 E C(m) such that $-I = 4. Let 
zca = 7plo and Zi’b = Zl$ 
Then @.. is easily shown to be an normalized basis of B. We also have 
zclrwa = wo,rzc~ . 
This shows that B N KG and so c = 1. The proof that Y is onto will follow 
from the nest result. (The following proposition was suggested by Professor 
J. A. Green.) 
(3.10) PROPOSITIOX. Let CE C(p). Th en, there is a K-algebra A (with 1) 
generated by elements u, , ub , “for which 
(1) zlam = 1, ubS = uSt, and ubao = &9.& and 
(2) the ms elements uUkaj (1 < i < m and 0 < j < s - 1) are linear@ 
independent oaer K. 
14 H. N. NG 
Proof. Let V be a K-space, having a basis consisting of all ordered pairs 
(i, j), where i and j are nonnegative integers and such that 
(i, j) = (i’,jl) i f f  i = i’ (mod PZ) and j = jl (mod s). 
Thus, there are wzs distinct pairs (;,i). We define linear transformations 
u a, ub on V by 
u,(i,j) = (i -i 1,j) 
and 
u&j) = .p(ir, j + I), if j+s---(mods) 
= p(iF -j- t, O), if j = s - 1 (mod s). 
It is clear that U, and zlb are well defined. 
Let d be the K-subalgebra of End,(V) generated by u, , zlr, . It is a routine 
exercise to check that (1) holds. To prove (2), we observe that 
ua%aj(O, 0) = (i, j), 
where 1 < i < wz and 0 < j < s - 1. Since these ms elements (&i) (1 < i < nz, 
0 < j < s - 1) are the basis elements of V, it follows that there can be no 
nontrivial linear relations between the U,QQ (1 < i < 112, 1 < j < s). There- 
fore, (2) holds. 
4. THE GENERAL METACYCLIC GROUP 
First, we give a necessary condition for a metacyclic group to have a 
faithful irreducible projective representation. 
(4.1) PROPOSITION. Let G be a metacyclic group with generatoys a and b. If 
G Jzas a faitlful irreducible projective representation over K, then G is the semi- 
direct product of the subgroups (a> and (b). 
Proof. I f  the product {a} (b) is not semidirect, then (a> n (b) is not 
{l}, so there exist positive integers s and t, such that b” = at + 1. 
Let c be an element of H’(G, K*). Cl ear 1 a’ belongs to Z(G). We will show 1,~ 
that at is a c-normal element. Let v  be the bilinear pairing determined by c. 
Then 
p)(at, b) = v(bS, b) = v(b, b)S = 1 = y(at, a). 
Hence, Z(G) contains a nontrivial c-normal element for each c E H”(G, K”). 
This contradicts the assumption that G has a faithful irreducible projective 
representation by (1.5). Therefore, G = (a> + (b) is a semidirect product. 
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The above result allows us, in studies of faithfu! irreducible projectke 
representations of metacyclic groups, to restrict ourselves to those meta- 
cyclic groups which are the semidirect products of two cyclic subgroups. TYe 
Put 
G = (a, b: a” = bs = I, ba = a’b). (4.2) 
The center Z(G) of the general metacyclic group G (of (3.1)) is characterized 
in the following elementary result. The proof is left to the reader. 
(4.3) LEMMA. Let G = (a, 6) be the metacylic group satisfying (3.1). Then 
the center Z(G) equals {a”‘, bSj, m-here y  = ??I~‘(Y - 1, I??), a?;d 8 is the least 
positice integer such that yB = 1 (mod nzj. 
The abose lemma will be used repeatedly. 
(4.4) THEOREM. 
group G of (4.2). 
The follo&g conditions are eqzkzalent for the mefacychk 
(11 I Thegroup G has a faithful irreducible projective representation wer A-. 
(2) The center Z(G) of G contains EO fzontrizial c-normad elements, for 
some c E W2(G, K*j. 
(3j The integer s is the least positzke integer for which 
1 
) y L . . . 2 l-“-l = 0 (mod ?~j. i4.5) 
Proqf. The proof mill be done in the sequence (1) - (2) 2 (3) =S (1 j7 
the first of the implications is a direct consequence of (1.5). 
(2) 3 (3j. First consider the case with (r - 1; mj = 1. Then 
H”(G, l-C+) = 1 by (3.6), so that (2) implies that Z(G) = 1. Hence, by (4.2j, 
s is the least positive integer such that rS = 1 (mod mj. Since (r - 1, RZ) = 1, 
it follows that s is the least positive integer such that 
1 +y + --. c rs-l = 0 (mod a:). 
Sow we may assume that (r - 1, mj > 1. Let E = xZEG KU, 1 be a 
twisted group algebra belonging to c. Followmg the notation of Proposition 
(3.2), we see that 
WG! ‘i = paarr%~ , 
where ;J = EZ,/(~ - 1, nr). By the hypothesis, the central subgroup ~<a;‘> 
contains no nontrivial c-normal elements. Since the cyclic group (a~> has 
order (r - 1 r m), it follows from (1.4) and the above equation that E’ is a 
primitive (r - 1, m)th root of unity. But f  is a ,&h root of unit? and 7 : p 
(as is stated in the proof of (3.6)), so p is a ($,$)th root of un+. Hence, 
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(r - 1, m) is a factor of P/y, that is, 112 = y(~ - 1, m) j /3. This shows that 
/3=(1 -+r+*** + +-l, VI) equals nz. Therefore, (4.5) holds. We are left 
to show that s is the least positive integer for which (4.5) holds. We assume the 
contrary and so there exists an integer t such that 1 < t < s and 
1+r+ ... + rt-l 3 0 (mod m). This implies that @E Z(G). By (3.4) 
Z+U, = U,Z.Q , so that b” is c-normal by (1.4). This contradicts (2). Therefore, 
(3) holds. (The following proof was suggested by Professor Green.) 
(3) 2 (1). Condition (4.5) implies that p = (1 + r + ... + rs--l, nz) = 
m. Let E be a primitive wzth root of unity. Define the following s x s matrices 
over K: 
It is easily checked that 
Hence, we get a projective representation T of G by putting 
It follows from the hypothesis that the diagonal elements in UQ are distinct. 
Hence, the centralizer algebra of (UO,, 77,) contains only scalar multiplies of 
Is. Therefore, T is irreducible bp Schur’s lemma. 
Kext, we show that T is faithful. Let a%’ E ker T. Then UaiUhi is a scalar 
matrix. We can assume that j = 0 (mod s), since otherwise, lJ,iU8j is not 
diagonal. But then, p = p(r+), so that p = 1. This implies that ir E 0 
(mod wz). Since (r, nr) = 1 by (4.5), the above equation yields i 3 0 (mod nz), 
that is, a%’ = 1. Therefore, T is faithful. This completes the proof. 
(4.6) COROLLARY. If the metacyclic group G has a faithful irreducible 
projectizve representatiolz over K, then H2(G, K*).is cyclic of order (r - 1, m). 
5. METACYCLIC ~-GROUPS, p > 3 
We give an analog of abelian groups of symmetric type for metacyclic 
groups. 
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(5.1) DEFIxITION. A metacyclic group G is said to be of symmetric 
type if G can be written as a semidirect product of two isomorphic cyclic 
subgroups. 
(5.2) THEOREM. A metacyclic p-group G, p > 3, has a faitizful irreducible 
projective representation OWY K if and only if G is of symmetric type. 
Proof. Let G = ia, b: a@* = 1 = b”“’ and ba = a+“b>. Then, by (4.4)? G 
has a faithful irreducible projective representation over K if and only if pi’ is 
the least positke integer such that 
1 ,r + ... + r(~‘--l) = 0 (modp-). 
I f  G is abelian, then r = 1 and it is clear that in this case, u = z. Therefore, 
the theorem hoIds. 
We now may assume that 1 < Y < pU. Since rpl’ = 1 (modpuj by the 
defining relations of G, Fermat’s theorem yields P = 1 (mod pj. However, an 
application of the binomial theorem implies that cd is the highest power of p 
that divides 
rP” - 1 ~ = 1 $ r + . . . _ f.!Pc--l:. 
r-1 
Therefore, p” is the least positive integer such that i + F ;- ... f  ~(~‘--l) = 0 
(modpUj if d ld~ -f - an on x 1 u v, that is, G is of symmetric type. This completes 
the proof. 
(5.3) COROLLARY. The folloz&zg conditions are equivalent for a metacyclic 
p-group, p 3 3. 
(1) The group G has a faithful irreducible projective representation o-zw K. 
(2) The group G has a central simple twisted group algebra oan K. 
(3) The group G is of symmetric type. 
(4) The center of G is of symmetric type. 
Proof. We have (1) =+ (3) by (5.2). We now show tilat (1) and (3) implies 
(2). Let T be 2 faithful irreducible projective representation of G. Suppose 
that T belongs to c E H”(G, K”). By (3) and (1.6), deg T = G 11p2. Let B 
be 2 twisted group algebra of G belonging to c. Then B is semisimple (a proof 
of this fact for an arbitrary finite group can be done along the line of that of 
Maschke’s theorem, 2s suggested by Curtis and Reiner [3? Sec. 52.1, Prob- 
lem 3). Therefore, dim, A > (deg T)‘. This shows that B is central simple. 
It is true that (2) + (1) for any finite group by (2.2). 
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Finally, me show that (3) and (4) are equivalent. Let 
G = (a, b: uB’ = 1 = bP” and ba = a%). 
Let p7; I/ r - 1. Then p(U-7C) is the least positive integer such that @--) = 1 
(modpu) by the binomial theorem. Hence, (4.3) yields 
Therefore, Z(G) is of symmetric type if and only if u = z:, that is, G is of 
symmetric type. 
11-e remark that, in general, a metacyclic group of symmetric type may not 
have a faithful irreducible projective representation over K. The group 
(a b* u41 = P = 1 and ba = a%) \> * 
is metacyclic of symmetric type and of odd order, but the congruence 
1 + 4 + 4” = 0 (mod 21) now shows that the group has no faithful irre- 
ducible projective representation over K bp (4.4). Even a metacyclic 2-group 
of symmetric type may not have a faithful irreducible projective representa- 
tion over K. For example, 
(a, 6: aa = b4 = 1 and bn = 26) 
is such a group. The assertion again comes from an easy application of (4.4). 
6. !~~ETACPCLIC Z-GROUPS 
The problem of characterizing metacyclic 2-groups which have faithful 
irreducible projective representations is more complex than the previous case. 
It turns out that a large family of metacyclic 2-groups satisfies (5.3). However, 
there are many metacyclic 2-groups that have faithful irreducible projective 
representations, but do not satisfy all conditions of (5.3). 
The following result was proved by King [8] and others (see [8] for referen- 
ces to other authors). Our proof is actually valid for a larger class of meta- 
,cvclic groups than the metacyclic p-groups. 
(6.1) PROPOSITIOX. Let G be a nonabelian metacyclic p-group zcith normal 
subgroup A such that both A and G/A are cyclic. If G is isomorphic to a semi- 
direct product qf A and G/A, then the order of such cyclic normal subgroup A is 
unique. 
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Proof. Let G = (a, b: up” = b p” = 1 and ba = arb), where the integer I 
satisfies 1 < r < pil because G is not abelian. Then, A = (a} is a normal 
subgroup of G, which has the stated properties in our assumption. Suppose 
that H is a normal subgroup of G such that both H and G/H are cyclic and 
that G is isomorphic to a semidirect product of H and G;H. We must show 
that j A / = i Ii j . Assume the contrary and suppose that 1 A I > 1 H 1 . 
Then the order of G/H is strictly greater than that of <lb>) N G/A, because 
IG/=j8::GIAi=IHIIGIHI. Let xcG besuch that (x)‘vG!H 
and G = H. <x> is a semidirect product. Then, by the above discussion, 
xp” + 1. However, we have 
in the quotient group G/A, where x = aibj. Hence, xPC is a nontrix-ial 
element in A. Since G!H is abelian, H >_ G’. A simple computation shows that 
G’ = car-l) f  1. Thus, we get 
H n (x} 1 (a+-l> n (xp” j + 1, 
since B is a cyclicp-group. This contradicts the assumption that G = H p (x> 
is a semidirect product. Therefore, i A / = j H I . 
We still keep our assumption that the metacyclic group G is the semidirect 
product of two proper cyclic subgroups. The above proposition implies that 
the orders of the normal subgroup and its complement are unique in such a 
decomposition of a metacyclic p-group. We prvpose to study metacyclic 
,-groups that have faithful irreducible projective representations according 
to the order of the complement. 
(6.2) PROPOSITIOS. Let G be a nozabelian metacyclic 2-group. .%ppose tlzai 
G has a cyclic normal subgroup of index 2: which has a complement in G. The?z, 
G has a faithful irreducible projective Fepresentation ozw K ;f and oz@ ;f G 
is a dihedral group. 
Proof. We have G = (a, b: az” = 5” = 1 and ba = arb>? where 7 + 1 
(mod 29. By (4.4) G h as a faithful irreducible projectlye representation over 
K if and only if 1 f  r E 0 (mod 2”). Therefore, we can let r = -1 and so 
x-e get the dihedral group. 
(6.3) PROPOSITION. Let G be a nonabelian metacyclic 2-group. Suppose that 
G Jzas a normal subgroup A such that both A and G!A are cyclic arzd that 
(G: A) = 4. Then, G has a faithful irreducible projective representation ocer K 
if and only {f the center of G is isomorphic to Z, x Z, and G has no dihedral 
factor group qf order 1 G i/2. 
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Proof. We have G = {a, b: azU = b” = 1, ba = arb), where r + 1 (mod 
29. This implies that u > 2. First, we assume that G has a faithful irre- 
ducible projective representation over K. By (4.4), 3 is the least positive 
integer such that 1 f  Y f  r* + r3 E 0 (mod 2). However, r4 = 1 (mod 2”) 
by the defining relations, so Y = 1 (mod 2) by Fermat’s theorem. This 
implies that r2 = 1 (mod 4). Hence, r2 + 1 = 2 (mod 4). Hovvever, 
1 + Y + ra -+ r3 = (1 + r) (1 f  rp) = 0 (mod 29, 
so 1 + Y E 0 (mod 2”) for some 01 > u - 1 3 1. Since 3 is the least positive 
integer such that 1 + r + rz + r3 = 0 (mod 29, vve have 1 + r yk 0 (mod 29. 
Thus, 2+i 1’ 1 f  r. We now may put r = -1 -1. 2U-1, since 1 < r < 2”. 
But r - 1 = -2 j- 2”-1 f  0 (mod 2”) because G is not abelian, u > 3. 
Therefore, 2~!(r - 1, 2”) = 2-l and so the center of G, Z(G) = <az”-l, b2) N 
2, x 2, by (4.3). It is clear that the only normal subgroups of order 2 are 
(b2), (a2”-1>, and (a2%-l * b”) and they do not have dihedral factor groups. 
We now assume that Z(G) N 2, x 2, and G has no dihedral factor groups 
of order ] G :/2. By the assumption on Z(G) and (4.3), the positive integer r 
in the defining relation ba = a’b is an element of order 2 in (.&&)*, the group 
of units in the ring of integers modulo 2”. Hence, r is equal to -1 + 2”, 
-1 + 2”-1, or 1 + 2%-l. I f  the last case holds, then Z(G) ci Z,,-1 x 2, . 
Hence, u = 2 and G has a dihedral factor group of order 1 G !/2. I f  
r = -1 + 2”, then G/(6’) is a dihedral group of order i G 112. We are left 
with r = -1 + 2~-l. In this case, u > 3 by the assumption on Z(G). It is 
easy to show that G has no dihedral factor group of order 1 G 112. Further- 
more, G satisfies (3) of (4.4). Therefore, G has a faithful irreducible projective 
representation over K. 
(6.4) L~IMA. Let r=l +s2k,k31. Let 01 > 0 be such that 
2”+1I; T + 1. Then, 2a+k+u j r2’ - 1 for any posit&e integer p. In particular, if 
k > 2 or p > 2, then p is the least positive integer such that r2’ = 1 (mod 2”) if 
and only if a + k + p = u, where the integer u > k. 
Proof. This is easily proved by induction on p. 
(6.5) PROPOSITION. Let G be a nonabehan metacyclic 2-group. Let A be a 
normal subgroup of G, which has a cyclic complement. Suppose that (G: A) 3 23. 
Then G has a faithful irreducible projectice representation over K $ and only sf 
the center of G is isomorphic to Z,, x Z,, for some k > 1. 
Proof. Let G = (a, b: a2” = b”” = 1 and ba = arbi, where 1 < r < 2” and 
v  >, 3. Let k > 1 be such that 2k jl r - 1. Let p be the least positive integer 
such that r2’ = 1 (mod 29. Then the center of G, Z(G) = (a2U-“, b2’) II 
Z,, x Z2+c1 by (4.3). 
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First, we assume that Z(G) is of symmetric type. Then 
Ho%-e\:er, F > 3 by assumption and so k > 2 or p 3 2. Let 2%~~ i/ P + 1. By 
the choice of p and (6.4) we get 
u=a+k+p=v-u. 
HOW, 1 + r + ~2 + ... + r(z’-1) = (~2” - l)/(r - I), so by (6.4), it is 
exactly divisible by 2”+ = 2”. Hence , 2” is the least positive integer such that 
1 + r f g + . . . + +z'-l) s 0 (mod 2”j. Therefore, (4.4) implies that G 
has a faithful irreducible projective representation over K. 
Conversely, if G has a faithful irreducible projective representation over K, 
then we may reverse the process and show that Z(G) N Z,, x Z,, for some 
k>, 1. 
Let G be a nilpotent group. We let c(G) d enote the nilpotency class of G. 
We have an analog of (5.3). 
(6.6) COROLLARY. Let G be a metacyclic 2-grotlg with cyclic normal subgroup 
A sucla that a leas a cyclic complement. Suppose that c(G) < log2 I A j ~ Then 
t?ze jolloaing conditions are equivalent. 
( i ) The group G has a faithful irreducible projective representation over K 
(2j The group G h as a central simple twisted group algebra over K. 
(3) The group G is of symmetric type. 
(4) The center of G is of symmetric type. 
Proof. The assumption that c(G) < log, j A 1 assures that the positive 
integer r in our usual presentation of G is such that 4 q r f  1. The proof 
follows the argument of (5.3). 
In the remainder of this section, we let c be a cohomology class in 
Hs(G, A?), such that G has a faithful irreducible projective representation 
belonging to c. Let B be a twisted group algebra of G belonging to c. Then B 
is semisimple. We will find the number of simple components of 3. The 
following result is actually contained in (6.2) (6.3), and (6.5), and it also can 
be obtained directly from (4.4). 
(6.7) PROPOSITIOS. Let G = ‘\a, b: aza = b2” = 1 and ba = arb). Assume 
that P+l jj r + 1. Then, G has a faithful irreducible projectice representation 
oaerKifanndonlyifu=v+ar. 
(6.8) PROPOSITION. Let G be the metacyclic 2-group of (6.7). Assume that G 
has a faithful irreducibze projective representation wer K belonging to 
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c E H’(G, K”). Let B be a twisted group algebra belonging to c. Then, B has 
2” simple components each of which has degree 2,“, where 01 and v  are as given 
in (6.7). 
Proof. By (1.5) and (2.3) each irreducible projective representation of G 
belonging to c is faithful. Therefore, each simple component has degree 2” 
b)r (1.6). This shows that B has 2” simple components. 
We have completed our description of twisted group algebras affording 
faithful irreducible projective representations of metacyclic p-groups. It was 
proved bp Frucht [4] that the simple components of a twisted group algebra of 
a finite abelian group afford equivalent projective representations (also, see 
Yamazaki [14] for a different proof). We remark that the above theorem of 
Frucht has no analog in the case of metacyclic p-groups, even when the 
twisted group algebra affords a faithful irreducible projective representation 
of the group. For example, the two faithful irreducible projective representa- 
tions of the dihedral group D of order 8 are not equivalent, even though they 
are afforded by the components of the same twisted group algebra of D 
(belonging to the nontrivial 2-cohomologSi class in H”(D, K”)). 
7. d CLASS OF METABELIAN GROUPS 
As noted in the Introduction, Frucht [4] showed that an abelian group G 
has a faithful irreducible projective representation over the complex field if 
and only if H is of symmetric +pe. In [14], Yamazaki proved the following 
generalization: 
(7.1) PROPOSITION (Yamazaki). Let H be a$nite abelian group, and let K 
be a field. The following conditions are equivalent. 
(1) There exists a nondegenmate antisymmetric bilinear pairing from H 
into K. 
(2) Thegroup H f y is o s mmetric type and K contains aprimitive (exp H)th 
root of unity. 
We recall that a map y  on H x H (into another abelian group) is a bilinear 
pairing on H if 9 is a homomorphism on both variables. A bilinear pairing 
v  on H is antisymmetric if v(r! y) = q(y, x)-’ for all x, y  E H, while v  is 
nondegenerate whenever ~J(H, X) = 1, then x = 1. Since a finite multi- 
plicative subgroup of a field is cyclic, the above result of Yamazaki magi be 
stated as: 
(7.2) PROPOSITIOT. Let H be an abelian group and E a cyclic group. The 
following conditions are equivalent. 
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(1) There exists a nondegenerate antisymmetric bilinear pairing from H 
into E. 
(2) The abelian group H ’ f  y  as o s mmetric type and esp H i e;lip E. 
By induction we can prove 
(7.3) LEMMA. Let G be a jinite group. Let x, y  E G. Assume that 
[xl y] E C,(x) IT C,(y). Then, (xy)” = [y, x]n!n-liiz . Yang, “for aZZ positice 
integen n. 
Henceforth, we assume that G is a metabelian group such that G’ C Z(G), 
where the center Z(G) is cyclic. The group G has a fair-L)7 explicit structure: 
(7.4) LEX~IA. The quotient group G/Z(G) is an abelian group o-f symmetric 
type and is such that exp G/Z(G) : exp Z(G). Therefore; there exist elements 
al y  a, )..., aps in G such that 
G/Z(G) N (a,Z(G)> x .*. x (a,,Z(G)) 
and 
(u~~-J(G)) ‘v <a.&(G)) 
“for i = 1, 2,..., s. Furthermore, we may-choose ai such that 
CG(a,2-l) = <Z(G), a, ,..., azip ? a4i+l ,..., a,,) 
and 
C,(a,J = <Z(G), a, ,..., a,i-2 , app ,..., a,,) 
for i = 1, z,..., s. 
Proqf. The commutator map [ , ] on G x G has image in Z(G) because 
G’ C Z(Gj. It is clear that [ , ] induces a nondegenerate antisymmetric 
pairing from G/Z(G) into Z(G). Therefore, (7.2) applies. The assertion about 
the centralizers of the elements {aj:j = 1, 2,..., 2s) results from the proof of 
(7.2). 
(7.5) PROPOSITIOX. Let G be a p-group with cyclic center Z(G) such that 
G’ _C Z(G). If  G has a faithful irreducible projective representation ozler K, then 
G/Z(G) is the direct product of two isomorphic cyclic groups and exp Z(G) = 
exp G/Z(G). Furthermore, there exists an element x in G that has the same order 
as Z(G) and it is such that (x> n Z(G) = (1). 
Proof. Suppose that G has a faithful irreducible projective representation 
beIonging to the cohomology class c in P(G, A?). Let y  be the bilinear 
pairing determined by c. Let p” be the order of Z(G) = ,<x). First, we claim 
that there exists an integer j, 1 < j < 2s, such that p(aj : ,z) is a primitive 
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p’“th root of unity, where s and a, , aB ,..., a,, are as in (7.4). For if not, then 
for some 112, where 1 < m <p’“, the element ,P is a nontrivial c-normal 
element in Z(G); this contradicts the assumption that G has a faithful 
irreducibIe projective representation belonging to c by (1.5). 
Now, we show that s = 1, that is 
G/Z(G) 5 (a,Z(G)) x (a,Z(G)j, 
where <a,Z(G)) e <a,Z(G)). We assume the contrary, that is, we assume 
that G/Z(G) CI (a,Z(G)) x (a2Z(G)) x .** x (a,,Z(G)), where s > 2. With- 
out loss of generality, by the previous claim, we may assume that F(a, , .z) is a 
primitive p”th root of unity. By the definition of y  and (1.4), 
da, t aa) = 9;(a$, aza) = qo(a, , a3P), 
where ,P = [as, aa] + 1 by (7.4). Since 
da, ) W) = da1 ,ad da1 , ~11, 
we get v(a, , 2%) = 1. However, q(a, , z) is a primitive yth root of unity, so 
P = 1. This contradicts the assumption that xX z 1. Therefore, G/Z(G) is 
the direct product of two isomorphic cyclic groups. 
We now show that exp Z(G) : exp G/Z(G), which implies that exp Z(G) = 
exp G/Z(G) by (7.4). Let pk be the exponent of G/Z(G). Then, 
1 = 9;(aT, zz) = ~(a, , x)~“. 
This implies that p’” 1 p’; because ?(a, , z) is a primitive p”th root of unity. 
By the equality just proved, a, p” = 1. It is clear that (al) n (z> = (11. 
This completes the proof of all our assertions. 
(7.6) PROPOSITION. We maintain OUP assumption that G’ C Z(G) and that 
Z(G) is cyclcic. 
The p-group G has a faithful irreducible projective representation oeer K ;f 
and only if G/Z(G) is isomorphic to a direct product of two isomorphic cyclic 
groups, and 
(9 for P 3 3, exp G = exp G/Z(G) = exp Z(G); 
(ii) forp = 2, exp G = 2 . exp G/Z(G) = 2 * exp Z(G) and there 
exists an element x E G such that (x> n Z(G) = (1) and I(xj! = Z(G)1 . 
Proof. First, we assume that G has a faithful irreducible projective 
representation belonging to CC W*(G, K*). After a change of notation, we 
write 
G = <a, 6, z: apR = x”’ = 1, bp” = xi>, 
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u-here (z} = Z(G) is the center of G and 1 < t < pli. We let [b, u] = P, 
where 1 < oi < pn and p 7 31 because G’ = Z(G) by (7.5). Also, we assume 
that ~(a, z) is a primitive p”th root of unity, as in the proof of (7.5). Let 
B = c Ku~l.l,iu b7c be a twisted group algebra belonging to c, with basis 
{z4ziu,i~$: 1 < i, j, k < p-1 satisfying 
q” = 1 = upn and gn zzz u t a b 2’ 
Then, there exist roots of unity .$, 7, i E K”, such that 
(7.7j 
u,u, = &l,U, , t&t‘, = [t&t& , 
and 
UbU, = 7)U,“U,Ub . 
We note that 4 is a primitive p”th root of unity. By (7.9j, 
(7.8) 
(7.9) 
where the last equality holds by (7.3) and (7.8). Therefore, 
1 = rlP"pP"w-l):2~ 
Similarly, we get 
@;lubua)P" = (UalpZ%UaUb)P~ =rlPywm"-l);2 . zczt. 
Therefore, (7.8) gives 
(7.10: 
5-t = 
r! 
p~~~pn(P"-l);z 
(7.llj 
We now consider two cases. 
Case (ij. p > 3. We get 1 = @ by (7.10). Therefore, (7.11) gives 
<-t = 7~)” = 1. The last equation shows that t = p”, because [ is a 
primitive pnth root of unity and 1 < t < p”. The group G now can be written 
as 
G = (a, b, .z: ap” = bp” = zpn = 1, Z(G) = (;s>, [b a! = x1>, 
where p r 1. It is easy to show, using (7.3), that esp G = p”. By a suitable 
automorphism of <a>: we may even write 
G = (a, b, z: a~” = bnn = Xpn = 1, [b, a] = z>. (7.12) 
Case (ii). p = 2. Squaring (7.10) and (7.11), we get 
, = (T2”5”“-‘)2 = q2=1, 
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and 
Therefore, e-at = 1, which shows that 2” ] 2t. Hovvever, 1 < t < 2” by 
assumption, so t = 2n or t = 2n-1. We obtain the following two possibilities 
for G: 
However, the groups are isomorphic via a change of generators. For example, 
G, = (x, a, ub: u2” = .zsn = 1, (ub)“” = ,zzla-’ and [ub, u] = z’), 
which is clearly isomorphic to G, . Therefore, we have only one group up to 
isomorphism. It is easy to show, again using (7.3), that exp G = 
2 . exp G/Z(G) = 2 . exp Z(G). Furthermore, by a suitable automorphism of 
<a>, we may write the group as 
G = (,q a, b: $* = 22” = 1, b2” = zan-l [b, a] = z and Z(G) = (x>;?. 
(7.13) 
Conversely, if G is such that G/Z(G) is isomorphic to a direct product of 
two isomorphic cyclic groups and either Case(i) or Case (ii) holds, then 
we can write G in the form of (7.12) or (7.13) accordingly, asp > 3 or p = 2. 
The next proposition vvill, in particular, imply that there is a c E H2(G, K*) 
such that Z(G) contains no nontrivial c-normal elements. Therefore, G has a 
faithful irreducible projective representation over K by (2.3). 
(7.14) PROPOSITION. Let 6 be a primitive pth root of unity. Let 7 be a 
primitive 2n+%h root of unity if p = 2 and 1 other&se. There is a K-algebra A 
(z&h unity), generated by u, , u, , ub and for which 
(1) u,“” = uz” = 1, uf” = uzt, u,u, = &L~IC, ) U~U, = u,ub and 
UbUa - ?;I”,‘uc,ub , where t = 2k-1 if p = 2 und t = pYi if p > 3. 
(2) The p3n elements .u,iu,iugfi (1 < i, , k < pn) are linearly independent 
over K. 
Proof. The proof is similar to that of (3.10). 
For the sake of simplicity, we assume that G is a p-group in the above 
results. Actually, we have more generally: 
(7.15) COROLLARY. Let G be a metabeliun group such that G’ C Z(G), 
where the center Z(G) is cyclic. Then, G has u faithful irreducible projective 
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representation ozey K if and only if G/Z(G) can be .mitten as the direct product 
of kvo siomorphic cyclic goups, and exp Z(G) = exp G!Z(G), n~uZ 
(i) $2 < : G , then exp G = ezp Z(G), 
(ii) ?;f 2 ’ ; G 1 , then exp G = 2 . exp Z(G), 
and there exists an element x in G such that <x) n z(G) = (lj, and such that 
i(x);=:Z(G);. 
Proof. Our assumptions imply that G is nilpotent and so we can write 
G=G, x G, x *.a x G,, where Gi is the Sylow p+ubgroup of G and 
the pi’s are all the distinct primes dividing the order of G. By a well-known 
theorem on the Schur multiplicators (see, for example, Huppert [6] or 
Schur [II]), we have 
IP(G, KY*) EW(G, , IF) x ... x W(G,, , Pj, 
because the orders of the Gi’s are pairwise relatively prime. This shows that G 
has a faithful irreducible projective representation over K if and onip if each 
Gi has a faithful irreducible projective representation over K by an application 
of (2.4), where i = 1, 2 ,..., wz. Therefore, the corollary follow-s from (7.6). 
The results of this paper are contained in the author’s doctoral thesis, submitted to 
the Lniversic of Illinos at Urbana-Champaign. The author expresses his deepest 
gratitude to Professor Irving Reiner, his thesis adviser, for his guidance and en- 
couragement. He is also indebted to Professor J. A. Green for pointing oat certain 
useful suggestions and simplifications, particularly in Section 4. 
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